INTRODUCTION
The study of a flow and heat transfer in a thin liquid film is often encountered in industrial and engineering applications. Such processes are wire and fiber coating, cooling of metallic plates, drawing of a polymer sheet, aerodynamic extrusion of plastic sheets and thinning of copper wires. Wang (1990) was the first to study the hydrodynamics of a flow in a thin liquid film driven by an unsteady stretching surface. His pioneering work was subsequently extended by Andersson et al. (2000) to include analysis of heat transfer. This study was later extended to the case of more general form of the prescribed temperature variation by Liu and Andersson (2008) . Abel et al. (2009) investigated the combined effects of non-uniform heat source/sink and magnetic field on thin film flow and heat transfer over an unsteady stretching sheet. They found that increasing the non-uniform heat source/sink and magnetic field parameters has the effect of increasing the local Nusselt number. Vajravelu et al. (2012) studied the flow and heat transfer in a power-law liquid film on an unsteady porous stretching sheet in the presence of viscous dissipation and temperature-dependent thermal conductivity. In particular, they found that for all values of the power-law index, the dimensionless free surface temperature can be increased by the presence of viscous dissipation. The effects of slip, viscous dissipation and variable heat flux were considered by Megahed (2015) for the case of Casson fluid. It was shown that increasing the slip velocity parameter has the effect of decreasing the thin film thickness, the skin-friction coefficient and the local Nusselt number. Waheed (2016) studied thermal radiation effects on flow and heat transfer in an upper convected Maxwell liquid film on an unsteady stretching sheet embedded in a porous medium. Increasing the Darcy parameter and the Deborah number was found to decrease the velocity and the film thickness. Very recently, Dandapat et al. (2017) investigated analytically thin film flow of biviscosity liquid over an unsteady stretching sheet. They showed that the film thins quicker for bi-viscosity fluids as compared to Newtonian fluids. Wang (2006) was probably the first to report analytical solutions of the exact same problem of Andersson et al. (2000) using the homotopy analysis method (HAM). The HAM is a general analytic method to obtain series solutions for various types of nonlinear equations (Aziz et al. 2012; Hayat et al. 2012; ). Wang's (2006) model has been extended and analyzed using HAM by several researchers. For example, Wang's (2006) analysis was extended by to include the magnetic field and a more general surface temperature. The effects of viscous dissipation and a general surface temperature were taken into account in Wang's (2006) problem by Aziz and Hashim (2010) . extended the model of Wang (2006) to include thermocapillary and magnetic field effects. The effects of internal heat generation and general surface temperature were considered by Aziz et al. (2011) . They showed that the temperature-dependent parameter has no effect on the velocity, but exerts a big effect on the temperature.
In a parallel research stream, some interest has been given to the study of boundary layer flow of nanofluids. Choi (1995) To the authors' best knowledge, very few studies have thus far been communicated with regard to thin film flow on an unsteady stretching sheet in nanofluids. Narayana and Sibanda (2012) were probably the first to extend the work of Liu and Andersson (2008) to the case of thin nanofluid film. They solved the transformed governing equations by the Runge-Kutta-Fehlberg and NewtonRaphson methods. Later, Xu et al. (2013) extended the problem first formulated by Wang (2006) to the case of thin nanofluid film. However, the results presented using HAM were for the value of the Prandtl number which is not suitable for water-based nanofluids. Recently, Maity et al. (2016) investigated thermocapillary effect on flow and heat transfer of thin nanoliquid film. Unlike all the works mentioned, they considered the full Navier-Stokes quations. In this work, we investigate the flow and heat transfer in a thin nanofluid film on an unsteady stretching surface using homotopy analysis method (HAM), extending the works of Wang (2006) and Xu et al. (2013) to include consideration of the effects of nanofluids and physicallyrealistic value of the Prandtl number of water-based nanofluids, respectively.
MATHEMATICAL MODELS AND METHODS
Wang (2006) considered the fluid flow and heat transfer in a thin Newtonian film of uniform thickness. The fluid motion and heat transfer arise in the stretching of the horizontal elastic sheet. The surface temperature T s of the stretching sheet is assumed to vary with distance and time. The sheet is assumed to move in its own plane with a prescribed velocity U(x,t). Furthermore, the upper free surface of the liquid film, which is in contact with a passive gas, is assumed flat and the effect of surface tension is negligible. The viscous shear stress and the heat flux are assumed to vanish at the adiabatic free surface. In this paper, we extend the model of Wang (2006) to the case of a thin liquid film of a water-based nanofluid containing different type of nanoparticles: Cu, Al 2 O 3 and TiO 2 . The nanofluid is assumed to be incompressible and the flow is assumed to be laminar. It is also assumed that the base fluid (i.e. water) and the nanoparticles are in thermal equilibrium and no slip occurs between them. Under these assumptions and using the nanofluid model proposed by Tiwari and Das (2007) , the governing conservation equations of mass, momentum and energy for a nanofluid at unsteady state can be expressed as, (1) (2) (3) subject to (4) h, dt (5) where u and v are the velocity components of the fluid in the horizontal x-and vertical y-directions; T is the temperature; ν is the kinematic viscosity; ρ is the density; κ is the thermal diffusivity and h(t) is the thickness of the liquid film. The velocity of the stretching surface is defined as U = bx/(1 -αt), with α and b as positive constants. μ nf is the effective viscosity and ρ nf is the effective density of the nanofluid which are given by,
where φ is the nanoparticle volume fraction; ρ f is the reference density of the fluid fraction; ρ s is the reference density of the solid fraction; and μ f is the viscosity of the fluid fraction. The viscosity of the nanofluid can be approximated as the viscosity of a base fluid μ f containing the dilute suspension of fine spherical particles; its expression has been given by Brinkman (1952) . The thermal diffusivity of a nanofluid is defined as
where k nf is the effective thermal conductivity of the nanofluid; k f is the thermal conductivity of the fluid; k s is the thermal conductivity of the solid; and the heat capacitance of the nanofluid is given by
The temperature of the elastic sheet is assumed to vary both along the sheet and with time in accordance with, ,
where T o is the temperature at the slit; T ref is the constant reference temperature for all t <1/α. The surface of the planar liquid film is assumed to be smooth and free of surface waves, while viscous shear stress and heat flux are assumed to vanish at the adiabatic free surface. We employ the similarity transformations which are given as,
where β is the dimensionless film thickness; and ψ(x,y) is the stream function defined by,
where a prime denotes differentiation with respect to η. Apparently, (13) and (14) have already satisfied the continuity equation in (1). Consequently, (1) -(5) are transformed to the following nonlinear boundary-value problem:
subject to
where S = α/ b is the dimensionless measure of unsteadiness; Pr is the Prandtl number and the dimensionless film thickness γ = β 2 is an unknown constant to be determined. The most important characteristics of flow and heat transfer are the shear stress τ s and the heat flux q s on the stretching sheet that are defined as, (19) (20) where μ is the fluid dynamic viscosity. The local skinfriction coefficient C f , and the local Nusselt number Nu x can be defined as, (21) (22) Thus, the skin friction and the rate of heat transfer for fluid flow in a thin film can be expressed as, (23) (24) where Re x = Ux/v f is the local Reynolds number.
We apply HAM to solve system (15)- (18). We select the following initial approximations and auxiliary linear operators: ,
, (27) , (28) and the properties satisfied by the auxiliary linear operators are, ,
,
where C 1 , C 2 , C 3 , C 4 are C 5 constants of integrations. If p ∈ [0,1] is an embedding parameter, η f and η θ are nonzero auxiliary parameters.
RESULTS AND DISCUSSION
The analytic solutions of the problem defined by (15) (16) have been computed. The analytic solutions given by HAM contain an auxiliary parameter η which could be chosen by means of the η-curve (Liao 2009 . The solutions in (31) and (32) contain non-zero auxiliary parameters η f and η θ , which can adjust and control the convergence of the solutions. It is seen from Figure 1 
where ,
where R = 11 -25S + 36S 2 . The thermophysical properties of fluid (water) and solid Cu, Al 2 O 3 and TiO 2 phases are tabulated in Table 1 . When φ = 0 (regular fluid) is considered, the analytic solution will be the same as that presented by Wang (2006) . Comparison presented in Table 2 shows that our results are in good agreement with that of Wang (2006) . The Prandtl number of the base fluid (water) was kept constant at 6.2. From Table 2 , we observe that the value of the skin friction coefficient f ̋(0) for the three types of nanoparticles (water-Cu, water-Al 2 O 3 and water-TiO 2 ) are constant at 1.442625 for different values of solid volume fraction of nanoparticles φ when η f = -η θ and η θ varies for each particle. A lower heat transfer was obtained for the water-Cu. It is also recorded in Table 3 that the heat transfer rate -θ́(0) decreases when the solid volume fraction of nanoparticles φ increases. This agrees with the observation by Santra (2008) that the heat transfer decreased as the volume fraction of the nanofluid increased.
The effects of solid volume fraction of nanoparticles φ on the temperature distributions for water-Cu, waterAl 2 O 3 and water-TiO 2 are demonstrated in Figure 2 . From the figure, we observe that as the φ increases, temperature distribution increases since the high concentration of solid nanoparticles yields a higher ratio of thermal conductivity. Figure 3(a) presents the temperature distributions θ(η) of water-Cu, water-Al 2 O 3 and waterTiO 2 using 10th order HAM approximation with φ = 0.05. It is shown that water-Cu initially has a slightly higher temperature then that of water-Al 2 O 3 and water-TiO 2 , but the temperature eventually decreases when η increases. It is observed that in Figure 3(b) , the velocity profiles of the θ(η) of water-Cu, water-Al 2 O 3 and water-TiO 2 are the same. That is, the nanoparticles volume fraction does not affect the velocity of the fluid flow since the ratio of effective viscosity and effective density of all three types of nanoparticles is very similar. 
CONCLUSION
The analysis of heat transfer in a thin film on an unsteady stretching sheet in nanofluids has been conducted. The temperature fields as well as the heat transfer rate have been analyzed. The results of the study lead to the following conclusions: the temperature of the fluid increases with the increasing of nanoparticles volume fraction, the heat transfer rate decreases when nanoparticles volume fraction increases and the presence of the nanoparticles in the fluids enhances the heat transfer characteristics.
